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A B S T R A C T 
This thesis introduces an efficient numerical method to value American bar-
rier, lookback and Asian options under Levy processes, based on fast Fourier 
transform (FFT). It is well known that the FFT can be applied to efficiently 
compute European options, but its use in pricing American path-dependent op-
tions has not yet been addressed in the literature. The intent of the proposed 
approach is to incorporate the forward shooting grid (FSG) technique of the lat-
tice approach into the FFT framework. General Levy processes for which the 
characteristic function is readily available are considered. Therefore, the under-
lying asset can follow either finite or infinite activity Levy processes. Given the 
characteristic function, the approach is able to obtain the transition probabilities 
for the underlying asset from one time point to another using Fourier inversion. 
Then, the FSG is used to record the path-dependent variable at all discrete time 
points. This means that the early exercise policy and path-dependent option 
values in the continuation region can be obtained. All of the calculations can 
be embedded in an iterative procedure within a network, in which the transition 
probabilities are calculated by the FFT. Monte Carlo simulation verifies the ac-
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The most famous model for option pricing is the Black-Scholes (BS, 1973) model. 
It assumes that the underlying asset price follows the geometric Brownian mo-
tion (GBM) process . If an option can be exercised before maturity, the option 
is an American type; otherwise, it is a European type. Cox, Ross and Rubin-
stein (1979) propose a binomial tree approach for European and American option 
pricing under the BS model. This thesis focuses on developing a general numer-
ical scheme for the exotic and path-dependent options with the American-type 
feature. 
Exotic options arc a class of financial derivatives that have more complicated 
components and complex payoffs than commonly traded products (vanilla op-
tions) ,while a path-dependent option has a payoff that depends on the history 
of the underlying asset price as well as its spot price. The well-known exotic and 
path-dependent options include American vanilla, barrier, lookback and Asian 
1. 
options [5]. Barrier option prices depend on whether or not the underlying asset 
price attains a specified barrier level before expiry. A barrier option may pay a 
rebate to the holder if the option is forced to terminate before expiry. A zero 
rebate is considered in this thesis for simplicity. The lookback option depends 
on the historical extreme values (maximum or minimum) of the underlying asset 
price during the life of the option, which allows the holder to look back over time 
to determine the payoff. An Asian option's payoff is determined by the average 
underlying asset price. To protect the holder against speculative attempts to ma-
nipulate the asset price near maturity, the Asian option is widely used, especially 
in oil and foreign currencies, but the averaging increases the complication of the 
mathematical computation. 
Numerous published studies of exotic path-dependence options have used the 
BS model. Hull and White (1993) propose an efficient procedures for valuing Eu-
ropean and American path-dependent options under the BS model. Kwok and 
Lau (2001) propose a pricing algorithm for options with exotic path-dependence 
using the forward shooting grid approach on a lattice tree. Wong and Lau (2008) 
develop a path-dependent currency option pricing framework in which the ex-
change rate follows a mean-reverting lognormal process. They also derive the 
analytical solutions for barrier options with a constant barrier, as well as look-
back options and turbo warrants. Under the BS model, the closed-form solutions 
for European barrier, lookback and Asian options have been successfully derived 
(Hull, 2006). 
2. 
The main assumption in the BS model is lognormal distribution of an asset-
price process. However, empirical studies show that the logarithms of asset prices 
generally do not follow a normal distribution. Specifically, the distribution of daily 
log-returns is asymmetric and has a fat tail, that features skewness arid kurtosis. 
This is in sharp contrast of normal distribution, which is symmetrical with thin 
tail. The BS model is thus inadequate in modeling asset price dynamics. 
Several models were proposed in the late 1980s and 1990s to describe this 
asymmetrical and thick-tailed distribution, and they can be categorised as Levy 
processes. Named afft.er the French mathematician Paul Levy (1886-1971), a Levy 
process comprises three components: a drift, a diffusion component and a jump 
component. A Levy process has independent and stationary increments, and is 
a stochastic process with infinitely divisible properties. This infinitely divisible 
properties is crucial and can reflect the category of the Levy processes. 
Levy processes are often regarded as excellent models for asset price dynamics. 
Mandelbrot (1963) observes that the logarithm of the asset price has a long-tailed 
distribution and proposes an exponential non-normal Levy process. Madan and 
Seneta (1990) propose a Levy process with variance gamma (VG) distributed in-
crements. Eberlein and Keller (1995) propose a hyperbolic model, the generalized 
form of which is obtained by Prause (1999). The normal inverse Gaussian (NIG) 
process is introduced by Barndorff-Nielsen (1995). A generalization of the VG 
model is introduced as the CGMY model [10]. Kou and Wang (2003) propose a 
double exponential jump diffusion model. All of these Levy models mentioned 
3. 
fit the market data much better than the BS model does. The generalized Levy 
process can be represented by the its characteristic function through the Levy-
Khintchine formula. Therefore, the Levy model is a general and flexible approach 
which uses the BS model arid jump-diffusion models as its special cases. 
However, option pricing under Levy models is extremely complicated, and it is 
hard to obtain explicit expressions. Fortunately, Fourier analysis greatly simpli-
fies option pricing under Levy processes. Carr arid Mad an (1999) derive a simple 
formula for a European vanilla call option by taking Fourier transform with re-
spect to log-strike price. The fast Fourier transform (FFT) results in efficient 
and accurate computation. Lewis (2001) proposes an option pricing formula for 
European options under Levy processes using the convolution method. Instead 
of the log-strike price, Lewis (2001) takes Fourier transform with respcct to the 
spot log-asset price. Petrella and Kou (2004) propose a numerical algorithm to 
compute lookback and barrier options using Spitzer's identity and the Laplace 
transform for jump-diffusion processes. Wong and Lam (2009) derive an analyti-
cal solution for discrete dynamic fund protection (DFP) from the Spitzer formula, 
when the characteristic function of the log-asset value is given. However, the 
American-type exotic path-dependence option under a general Levy model has 
not been investigated so far. 
In this thesis, American exotic and path-dependent option pricing under a 
general Levy process is investigated. A basic FFT network for American vanilla 
and barrier options is proposed, and American lookback and Asian options can 
4. 
be valued by incorporating the forward shooting grid (FSG) and Markov approxi-
mation into the FFT network. This approach can be used to value any American 
cxotic path-dependent option when the characteristic function of the log-asset 
price is known in advance. As the domain and the number of discrete asset price 
notes are fixed at every time step in advance, the network will not expand as the 
number of time steps increases. While the option price is calculated backwardly 
through the network, it is very efficient to extrapolate the transition probabilities 
from the characteristic function using the FFT technique. When the intervals 
of time step and price note become very small, the result becomes accurate and 
close to the true solution. 
The remainder of this thesis is organized as follows. Chapter 2 reviews the 
characteristic function, Levy processes, exotic options (barrier, lookback and 
Asian options) and some option pricing methods, and introduces fast Fourier 
transform (FFT) algorithm. Chapter 3 establishes the proposed basic FFT net-
work approach and applies it to the American plain vanilla option under several 
Levy models. In Chapter 4, the FSG and Markov chain approximation are in-
tegrated into the basic network approach so that American lookback and Asian 
options can be priced. Chapter 5 gives numerical examples of pricing American 
vanilla, barrier, lookback and Asian options. The accuracy and efficiency are con-
trasted with the Monte Carlo simulation under GBM and VG models. Chapter 




This chapter introduces the characteristic function, Levy processes, fast Fourier 
transform, exotic options (barrier, lookback and Asian options) and some existing 
option pricing methods. 
2.1 Characteristic Function 
In probability theory, the characteristic function of a random variable completely 
defines its probability distribution. This section introduces the definition and 
some important properties of the characteristic function. 
2.1.1 Definition 
An arbitrary function 0 is a characteristic function corresponding to a probability 
law if and only if the following conditions are satisfied: 
I. ¢) is continuous; 
6. 
2. _ = 1 and \(f)(u)\ < 1; 
3. ¢[-1) = <f)(t)) where Z is the conjugate of Z G C; and 
4. (p is a uniformly continuous and positive definite function.1 
When the above conditions are satisfied, the characteristic function is defined 
as follows. 
Definition. Let X be a random variable with probability distribution F. The 
characteristic function of F (or X) is the junction (p defined by: 
/
+oo 





cos(/;.t) • F{dx}, iy{t) = / sin(/;x) • F{dx}, (2.2) 
-oo J —oo 
for distributions F with a density / , 
/
+00 
^ f { x ) d x - (2.3) 
-oo 
where ^ is a real number and i2 = —1, indicates the Fourier transform. 
In the terminology of Fourier analysis, ¢) is the Fourier-Stieltjes transform of 
F. This transform is defined for all bounded measures and the term characteristic 
function emphasizes that the measure has unit mass. The characteristic function 
of F is the ordinary Fourier transform of the density f (when the latter exists). 
1 A. positive-definite function of a real variable x is a complex-valued function / : IR — C, such 
that for any real number x,；, Xj G . . . , xn] , the n x n matrix with entries alj 二 f{x,i — x3) 
is a positive semi-definite matrix (Ilermitian matrix). 
7. 
Of the moment-generating function exists, then define 
�:=E(etx). (2.4) 
By identifying (px{t) 二 Mix�t) = Mx(it)： the characteristic function can be 
viewed as the moment generating function of iX or the moment generating func-
tion of X evaluated on the imaginary axis. Unlike the moment-generating func-
tion, the characteristic function always exists and is continuous. An important 
statistical property is that the characteristic function uniquely determines the 
distribution function F. 
The moments of X can easily be derived from cp. Specifically, if E[|X|A:] < oo, 
then 
E [ X k } = ' r k ^ ( u ) \ u = 0 . (2.5) 
2.1.2 Inverse Fourier Transform 
There is a bijection between a continuous cumulative probability distribution 
function and its characteristic function. In other words, two distinct probability 
distributions never share the same characteristic function. 
Theorem. Let (p be the characteristic function of the distribution F such that 
4> 6 L. Then, F has a bounded continuous probability density function f given by 
m = ^ J (2.6) 
where u is a real number, and f is bounded and uniformly continuous. 
8. 
It is then possible to reconstruct the corresponding cumulative probability 
distribution function F: 
Fx(x + h) 一 Fx(x) 二 P(x < X <x + h) 
1 ('+T e~itx _ e-it{x+h) 
=Hm — / ^x{t)dt. (2.7) 
r—oo Z7T J_r It 
Deviding (2.7) by h on both sides yields 
秘 + — 糊 = U r n 丄 广 e—ltX - (2.8) 
h r-^oo 2tt J—t ith 
As h —> 0, then the integrand goes to e~lixcl)X{t) and (2.8) —> (2.6). 
2.1.3 Fast Fourier Transform (FFT) 
This section introduces an efficient algorithm to compute the discrete Fourier 
transform (DFT) and its inverse. This method is called FFT, which computes 
the DFT and produces exactly the same result as evaluating the DFT definition 
directly. The only difference is that FFT is much faster. Computing the DFT 
of N points directly frorn the definition takes 0(N2) arithmetical operations, 
while an FFT only requires O(NlogN) operations. The difForonco in speed can 
be substantial, especially when N is large. 
The FFT is a well constructed algorithm that efficiently computes the follow-
ing summation: 
N 
w(u) = 2, . . . , N, (2.9) 
9. 
where i = Further detail on the FFT related to the proposed model will 
given in Section 3.3. 
Bakshi and Madan (1999) and Scott (1997) ha,vc numerically determined the 
risk-neutral probability for in-the-money European call option by 
Pr(.9T > K) = II2 = 1 + I Re ( � ) 血 ， (2.10) 
2 7T y . o o y iu j 
where K is the strike price, St is the stock price at maturity T, (pr{u) is the 
characteristic function and i = 1- The delta of the option can then be obtained 
as 
(2.11) 
2 7T J 0 y lU(pT{-l) ) 
Assume no dividends and constant interest rate r, then initial option value is 
determined as 
C = So^ - Ke~rTU2. (2.12) 
Unfortunately, the integrals in (2.12) have a singularity at u 二 0, so that the 
FFT cannot be applied directly. 
Carr and Mandan (1999) propose an alternative approach to European options 
using the FFT algorithm with respect to the log-strike price. Let k 二 In A', and 
qr(s) be the risk-neutral density of the log stock price sT 二 In ST- For a European 
call option, the payoff at maturity is 
C = max[5V - K,0} = max[e5T — ek, 0]. (2.13) 
10. 
Under the risk-neutral measure, the initial option price is 
C 二 e" rTE{max[eST — efc,0]}. (2.14) 
Using the risk-neutral density qr(s), we have 
poo 
CT(k) = / e~rT(es — ek)qT(s)ds. (2.15) 
Jk 
As C1T[k) is not square-integrable because Cr(k) tends to Sq as k tends to —oo, 
the damping factor a is introduced such that 
cT(k)三 eQkCT(k). (2.16) 
Take the Fourier transform of Ct(/c), 
/•OO 
= / e:ukcT{k)dk 
J 一 DC 
/ »oc roo 
e— / eake .rT(es - ek)qT{s)dsdk 
-OO J k 
= ( 2 . 1 7 ) 
a2 + a — v2 + i(2a + 1)" 
The European call price is then given by 
p—ak poo p-cxk roo 
CT(k) = - / = - / (2.18) 
2tt 7-oo 兀 Jo 
Setting Uj = r/(j - 1) and using the trapezoid rule for the integral on the right 
hand side of (2.18), CT(k) is approximated as 
cT(k) ^ e x p ( ~ a f e ) y (2.19) 
7T ^ 
Denote A as the space size and set b = iVA/2, ku = —6+A(u—1) for w = 1, . . . , N. 
Then, (2.19) becomes 
C T ( k ) ^ 鄉 ( — 询 Y e — 认 而 - 1 彻 — 〜 ― 約 V r ( 〜 ） ' " . ( 2 . 20 ) 
7T ^ 
1.1 
To apply the FFT, setting \ i ] = 努 and incorporating Simpson's rule weightings 
into (2.20), the call price is numerically approximated by 
c T { k ) e - 增 1 ) ( u _ 1 ) e — — 伽 ㈦ ) � + (—丄尸―匀―丄(221) 
7T ―^f O 
where 6 n is the Kronecker delta function: 
[ 0 , " 0 . 
Lewis (2001) proposes an alternative method for pricing European-style op-
tions under Levy process. 
As mentioned in Section 2.1, the characteristic function is the Fourier trans-
form of the PDF 
f\z) ^ cp(z) = T[f(x)}. (2.22) 
Let w(x) be the option payoff function and defined w(z) as 
w(z) = ^ ( x ) ] , zee. (2.23) 
Thus, the inverse transform is as follows 
1 fip+oo 
w(z) 二 - e~i2Xw(z)dz. (2.24) 
冗 J iu — oo 
As the payoff' fucntion is u»(lnSV), 
1,(¾) = e—,rTE[—ln6Y)] 
- — - / e h h % + ^ T ( P T ( - z ) w ( z ) d z , (2.25) 
where u — z, q is the dividend yield and r is the interest rate. 
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We can also discretize the integral (2.25) into summation form, setting So = 
—6 + A(w — 1), b = NX/2 and Ar/ 二 努，for u — 1, 2, . . . , N. Then we can apply 
FFT to (2.25). 
Regardless of Lewis or Carr and Madan's method is used, only European-type 
vanilla options can be priced. In addition, Lewis' method only works when the 
inverse Fourier transform of the payoff function exists. These two approaches 
cannot be used to price path-dependent options, especially the American style. 
2.2 Levy Processes 
A Levy process is a stochastically continuous process that starts at 0，has station-
ary independent increments and admits cadlag modification. It can be decom-
posited into three components: a drift term, a diffusion component and a jump 
component. This section defines the Levy process and reviews its important 
properties and its application in finance. 
2.2.1 Definition 
We start with the definition of a. real valued Levy process. An adapted real valued 
continuous stochastic process Xt, denoting Q = to < ti < …< tm = T\ starting 
at 0 (Xo = 0), is called a Levy process if it has the follows properties: 
1. Independent increments. For 0 < s < t < m，if the increments of Xt — Xs 
are independent, then Xt has independent increments. 
13. 
2. Stationary increments. For 0 < «s < t < m, if the probability distribution of 
any increment Xt - Xs depends only on the length I — s of the time interval; 
increments with equally long time intervals arc identically distributed. 
3. A cadlag modification. The paths of X are right-continuous with left limits 
as a function of t. 
4. Stochastically continuous. For any c > 0, Pr[ |X s + i — � £ ] — () as t — 0. 
Many well-known processes used in finance are Levy processes, and it is easy 
to check that, they have stationary independent increments. For example, the 
Wiener process and the Poisson process are Levy process, because they satisfy all 
of the foregoing conditions. In the Wiener process, the probability distribution 
of Xt — Xs is normal with mean 0 and variance t — s. In the Poisson process, the 
probability distribution of Xt — X s is a Poisson distribution with mean X(t — ,s). 
For a real-valued function f : [a, b] -> E. j\t) is a cadlag process if it is right 
continuous and has a left limit. Obviously, any continuous function is cadlag. 
Denotes its left limit as /(力_), then the right limit is equal to f(t+) = f(t). 
Hence, the jump size at t can be defined by 
Af(t) = f ( t ) - f ( t _ ) . (2.26) 
A Levy process is a stochastic process with infinitely divisible properties, 
which gives a precise impression of how varied the class of Levy processes really 
is. Hence, discussion of infinitely divisible distribution is needed. 
j 
14. 
Definition A real valued random variable Qi has an infinitely divisible dis-
tribution if for each i 二 1, 2, ..., n there is a sequence of iid random variables 
B] , . . . , Gn such that 
㊀ 4 ㊀丨 + G>2 + . . . + 
where = is equality in distribution. Alternatively, this relation could be expressed 
in terms of probability laws. 
The characteristic function (see Section 2.1) and an expression known as the 
Levy-Khintchine formula provide the full extent to which infinitely divisible dis-
tribution can be carried out. 
2.2.2 Levy-Khinchine Formula 
A Levy process can be decomposed into three independent components: a deter-
ministic drift a, a continuous path diffusion with volatility a and a jump process 
with the measure u{dx). Hence, the characteristic function of a Levy process can 
be described by the Levy-Khintchine representation: 
(pt(z) = exp lizat — \z2a2t + t f [eizx - a- izxl\x\<l]u{dx) i， (2.27) 
I 2 JR\{O} J 
with 
/
, + 0 0 
< 00， (2.28) 
-OC' 
where (pt(z) — is known as the characteristic exponent and iy(dx) 
describes the arrival frequency of jumps with different sizes, arid can be written 
15. 
in a function form u(dx) 二 k[x)dx, where k(x) is call the Levy density, a e M, 
a 2 > 0. The notation R \ {0} in the Levy-Khintchine formula excludes zero as a 
possible jump amplitude, which means that the jump size is always larger than 
0. 
The Levy measure, v(dx), dictates how the jump occurs. Consider pure jump 
Levy models, which exclude the diffusion component but use tiny jumps to mimic 
the continuous movement. For these jump processes, we can classify the models 
into three exclusive groups using the following notation: 
/
‘+oo r+oo 
iy(dx), J : \x\v(Kdx)) 
-oo J —oo 
where I denotes the total arrival rate and J denotes the total variation. The 
three groups are: 
1. / < oo and J < oo: finite activity process; 
2. / = oo but J < oo: infinite activity with finite variation process; and 
3. / = oo and J = oo: infinite activity with infinite variation process. 
This classification distinguishes the behavior of small jumps around the origin. 
The Levy-Khintchine formula provides an explicit and simple formula for all 
stationary Levy processes. The infinity divisible property can also be easily iden-
tified. Table 2.1 shows several parametric Levy models with finite and infinite 
activities. 
16. 
2.2.3 Levy Processes in Finance 
Traditionally, financial assets have been assumed to follow a log normal distribu-
tion, arid are thus modeled by GBM. However, many empirical studies show that 
GBM cannot entirely capture the statistical properties of financial time series. 
For example, empirical studies show that the daily log-returns of financial assets 
have a significant negative skewness, but GBM has a symmetric distribution of 
returns. Empirical studies also show that the daily log-returns of a stock has a 
fat tail distribution, which is rcflcctcd by the kurtosis of the distribution. The 
distribution of stock returns with fat tails indicates that the stock price frequently 
has a large range of movement. Famma (1965) finds that the kurtosis of the asset 
return distribution is greater than that of the normal distribution. The excess 
kurtosis can be generated by considering jumps in asset prices. 
Levy processes are appealing in finance because skewness and excess kurtosis 
can be integrated into them. 
2.3 Exotic Options 
Exotic options differ from plain vanilla American or European options in the fol-
lowing ways. Plain vanilla options have standard well-defined properties and are 
traded actively on exchanges or by brokers on a regular basis. Exotic options are 
nonstandard products that are traded in the over-the-counter (OTC) derivatives 
market. 
17. 
Denote St as the stock price at time t, mT 二 inf St and MT = sup St as 
0<t<T 0<t<T 
the minimum and maximum asset price during the life of the option respectively. 
2.3.1 Barrier Options 
Barrier options are options for which the payoff depends on whether the urider-
lving asset price reaches a certain level during a certain period. These options 
can be classified as either knock in or knock out options. A knock out option 
terminates when the underlying asset price reaches the barrier; a knock in option 
becomes effective only when the underlying asset price reaches the barrier. De-
note H as the specified barrier, K as the strike price. This section focuses on the 
following four types barrier options. 
1. The down-and-out call (DOC) barrier option is worthless or pays a rebate 
unless its minimum price stays above the barrier. Its payoff is given by 
DOC - max(5V — K, 0) / { m T > / / } . (2.29) 
2. The down-ancl-in call (DIG) barrier option is worthless or pays a rebate if 
the barrier is not reached during the life of the option. Hence, its payoff is 
given by 
DIC = max(5T - K, 0)I{MT<H}- (2.30) 
3. The up-and-in call (UIC) barrier option is worthless or pays a rebate unless 
1.8 
its maximum price crossed the barrier. Its payoff is given by 
UIC - max(.97‘ 一 K, 0)I{Mt>ii}- (2.31) 
4. The up-and-out call (UOC) barrier option is worthless or pays a rebate 
unless its maximum price stays below the barrier. Its payoff is given by 
UOC 二 max(5V - K, 0)I{Mt<h}- (2.32) 
2.3.2 Lookback Options 
The lookback option depends on the maximum or minimum asset price during 
the life of the option. There are two types of lookback options. 
1. Fixed strike — The option's strike price is fixed at purchase. However, the 
option is not exercised at the market price, the option holders can look back 
over the life of the option and choose to exercise at the highest (for call) or 
lowest (for put) value of the underlying asset. Denote K as the fixed strike. 
The corresponding payoffs are: 
(a) Fixed strike lookback call option 
C/,Terf = m a x ( M T - / r , 0 ) . (2.33) 
(b) Fixed strike lookback put option 
Pfzxed = max(/c — mT , ()). (2,34) 
19. 
2. Floating strike - The strike price is the lowest asset price for a call option, 
and the highest asset price for a put option. Hence, 
(a) Floating strike lookback call option 
Cfioat = max(ST - m T , 0) = ST 一 m T . (2.35) 
(b) Floating strike lookback put option 
Pfioat = max(Mr — ST, 0) = Mr — ST. (2.36) 
2.3.3 Asian Options 
Asian options depend on the average price of the underlying asset over a certain 
period within the maturity. There are also two types of Asian options. Denotes 
At as the average asset price. 
1. Geometric Asian options, 
^ t = ( n 。 � ) � o = ^ o < h < u—i=T. 
2. Arithmetic Asian options, 
1 
AT = 0 =力(:)< h < U-i = T. 
j=o 
The payoff of the fixed strike Asian put and call, Pfixed and Cfixed are given by 
Pfixed = max(K - AT: 0)， 
Cfixed = ma,x(v4T — K, 0). 
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The payoff' of the floating strike Asian put and call, Pfioat and Cfioat are given by 
Pfloat = m a x ( — 0), 
Cfioat = nvdx(ST — At, 0). 
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Model Characteristic Function (f)t{z) = E[erzXi] 
Finite-Activity Models 
Geometric Brownian Motion exp {izf.it — \<j2z2t) 
Lognorinal Jump Diffusion exp \i,z\xt — \cr2tz2 + 入 " • 广 — 1)} 
Double Exponential Jump Diffusion exp l^iz/j/t — \cr2tz2 + Xt (工 + 丄 " 2 elZK - l^j | 
Infinite-Activity Models 
Variance Gamma exp(iz/j,t)(l — izu9 + 
Normal Inverse Gaussian exp (izfit + St\Ja2 - j32 — ^a2 ~ (P + iz)'2\ 
Generalized Hyperbolic exp(izat) ( - t t — t t J - ( (3+� )  | 
1 v ^ J\a2-(P + iu)2 J y J 
where Kx{z) = - w 
2 Slll(^7r) 
k=0 v ' 
Finite-Moment Logstable exp [izfit — t(izcr)a sec f } 
CGMY exp(CT(-y) ) ( (M — iu)Y — My + (G + iu)Y — Gy) 
where C, G, M > 0 and Y >2 
Table 2.1: Characteristic Functions of Some Parametric Levy Processes 
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Chapter 3 
FFT Network Model 
This chapter describes an FFT-based numerical approach for general option pric-
ing under Levy processes when the characteristic function of the log-asset value 
is known in advance. As the transition probability matrix is very useful in the 
FFT network approach, the computation of that matrix is an important part of 
the implementation. The FFT is applied to efficiently and accurately compute a 
transition probability matrix from the characteristic function. 
This approach can be easily generalized to the valuation of path depen-
dent American options via forward shooting grids (Barraquand and Pudet, 1996; 
Kwok, 2009) or Markov chain approximation (Duan and Simonato, 2001). 
In the past three decades, many studies have been dedicated to lattice option 
pricing approach. Cox, Ross and Rubinstein (CRR, 1979) introduce the binomial 
tree model for pricing European and American vanilla options. This binomial tree 
approach is widely used because it can be applied to value exotic options numeri-
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cally. However, the binomial method includes the strong assumption that the log 
return of the stock price must follow Brownian motion. Sometimes, the trinomial 
trees approach originally proposed by Parkinson (1977) and Boyle (1988) based 
on a moment matching methodology is a useful alternative. The mean and vari-
ance of the discrete process equate to those of the continuous lognormal process. 
In general, a multinomial tree (Amin, 1993) can capture more moments than the 
binomial and trinomial tree, but it expands more rapidly with the number of time 
steps. Though multinomial tree can relax the assumption of GBM, it can be very 
inefficient for a large number of time steps. 
The proposed FFT network approach overcomes the drawbacks of the tra-
ditional tree approaches in valuing European and American options. How the 
FFT network works and how the numerical schcmc is associated with the FFT 
(Carr and Mad an, 1999) will now be shown. This algorithm for calculating the 
transition probabilities matrix, is a powerful and robust method suitable for any 
Levy model that has a closed-form characteristic function. 
3.1 Weaknesses of Traditional Tree Approaches 
Consider the trinomial tree model as an example. Suppose that the risk-ncutral 
process of the underlying stock is 
dS , , 
—=rat + a aw. (3.1) 
o 
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By It.o's lemma, we have 
din S = ('r — y^j dt + adw, (3.2) 
so that a discrete approximation is given by 
In S{t + At) — In S(t) = ( r - y j A^ + o\[K� (3.3) 
or equivalently, 
S(t + At) = S\t) exp (^r- At + ay/Kt. , (3.4) 
A trinomial tree is shown in Figure 3.1, in which the stock price ranges from 
to 6V at the final step. prn and p(/ are the probabilities of up, middle 
(horizontal), and down movements at each node, u, m and d are the possible 
increments respectively and At is the length of the time step. Consider S4 in 
Figure 3.1 as the initial stock price at to, then at 
S'“ —- S x u, 
sm = s4 X m, 
Sd = S4 x d, 
where Su =氏，Sm = S4, Sd 二 
The size of u, m and d and their transition probabilities pU) pm and pd are 
chosen so that the change in the stock price has mean and variance matching 
those of the GBM in a risk-neutral world. It is necessary to impose the condition 
that ad = m for a recombining tree. Now, our task is to find suitable values of 
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Figure 3.1: Trinomial Tree Model 
the transition probabilities pu, pm and p小 In this trinomial model, the following-
three conditions must be satisfied: 
1. The sum of the probabilities is one; 
2. The mean of the discrete process is equal to that of GBM; and 
3. The second moment of the discrete process is equal to that of GBM. 
Hence, we have a system of three linear equations: 
Pu + Prn + Pd 二 1, (3.5) 
Pu xu^pmxm + pdxd = (3.6) 
Pu x u2 + pm x m2 + V d x d'2 二 广 (3.7) 
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Setting u = rn = 1 and d = then solve equations (3.5) - (3.7): 
2 
PM — 2， 
From equations (3.5) to (3.6)，the trinomial tree only matches the mean and 
variance of the price changes while terms of order higher than At are ignored. The 
major shortcoming of the trinomial model is that it is inadequate to approximate 
Levy processes, which cannot be full), characterised by the first two moments. 
In addition, the binomial and trinomial pricing models are good approximations 
only when the stock price follows GBM, the number of trading intervals is large 
and the time between trades is small. 
A remedy for Levy process is to increase the number of branches. In other 
words, one may consider a multinomial tree model that matches as many moments 
of the Levy process and those of the branching process as possible. Consider a 
multinomial tree with five branches from each node. A current stock price has 
5 possible values in the next time step. Consider 67 at tQ in Figure 3.2; it may 
reach five nodes Sq, 67, Sg at i\ with transition probabilities pLj, where 
) = 5 , 6 , . . . , 9 . pij represents the probability of an asset price from ith node at 
/0 reanching the j t h node at t\. Each node at, t.\ also produces five branches at 
t2. Hence, the number of nodes increases from 5 to 9 from t\ to t-2- Similarly, the 
number of nodes increases from 9 to 13 from t2 to 力3. Specifically, a inultiiiomial 
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Figure 3.2: Multinomial Tree Model 
tree with n branches increases by n — 1 nodes from one step to another. If the 
multinomial tree is run for n time steps, then the total number of nodes in the 
final step is 
n + (n - 1) x (ri - 1) = n + (n — 1)2. 
For a recombining tree, the size of the multinomial tree increases by an order of 
( n — !)2 f o r t h e c ase of n branches. For a tree with n branches, as the size of 
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movements at each nodes is fixed, the n — 1 moments must still be matched and 
n equations solved to obtain the n transition probabilities. The computation can 
be very inefficient for infinite activity Levy processes for the following reasons. 
1. The multinomial tree may grow with the time steps more rapidly than the 
binomial tree; therefore, there will be too many state points to handle at 
later time points. 
2. The calculation of the probabilities of the branching processes by moment 
matching may be very tedious and contain huge errors for some Levy-
processes. 
3. It is not a unified framework as the number of branches vary across different 
Levy processes. Some require fewer moments, but some require more. 
4. The multinomial tree may not be a recombining tree. Making the tree 
recombine may become an additional constraint that reduces the efficiency 
of the numerical scheme. 
It seems impossible to calculate the option price efficiently and accurately under 
Levy processes through the tree method. The proposed FFT network is designed 
to overcome all these shortcomings in mind. 
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3.2 FFT Network Model 
The FFT network can be regarded as an extension of the multinomial tree model 
using the Markov property of Levy processes. However, the number of states is 
fixed in advance and unchanged at all time points. Figure 3.3 shows a graph of a 
I I I 
t0 h t2 t3 
Figure 3.3: FFT Network Model 
network. It resembles a multinomial tree in the way that each node emits multiple 
edges to all of the nodes in the next time point. Unlike the multinomial tree, the 
FFT network will not expand with the number of time steps but requires us to 
compute probabilities from Si to Sj for all i, j. In fact, the FFT network approx-
imates a Levy process by a finite state Markov chain as proposed by Duan and 
Simonato (2001). The remaining task for completing the FFT network approach 
is to determine the transition probabilities. 
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Once the network has been constructed, American option pricing can then be 
carried out as in the traditional tree approach by computing the expected value 
using the Markov chain, discounting the expectation, comparing the continua-
tion value with the early exercise value and repeating aforementioned procedure 
backwardly until the initial time point t0. 
3,3 Basic Transition Probability Matrix 
The computation of transition probability matrix has already been introduced. 
Consider grids of time and state set as: to < / ； ! < • • • < /;/，where ti is the maturity 
T of the option, arid x\ < j;2 < . . . < where A' = {xi | i = 1，2,. . . , TV} 
represents the set of all possible values of log-asset prices and xi+i — x-i = Ax 
for all i = I, 2, . . . , N. To simplify matters, we assume equal time spacing 
— tj = At for all j = 0, 1, . . . , / - 1 . For integer n, set the number of 
states N = 2n, then the transition probabilities can be efficiently obtained from 
the characteristic function via the FFT. 
The transition probabilities are defined as follows: 
P{Xt+At = Xj I Xt = Xi) = ptj, (3.8) 
where i and j are integers, 
N 
Pij > 0, and ^ ^ pij = 1, = 1, 2, . . . , N. (3.9) 
j=i 
Call P = (pij) the transition probability matrix. 
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Define the characteristic function for the log of Xj as 
/
oc 
eiuXkj\xk I x3)dxk, (3.10) •oo 
where i = V^-1 and / ( x k | Xj) is the probability density function of Xt+At 二 j:k 
conditional on Xt = Xy The Fourier transform of f(xk | Xj) is defined as T{f{xk | 
Xj)) = (pj(t). Conversely, if the characteristic function is known, the probability 
density function can be recovered by the inverse Fourier transform as: 
i /'+00 
f{xk\Xj) = = —J e—‘如％ ⑴成 （3.11) 
where i 二 and denotes the inverse Fourier transform. 
In numerical perspective, the Fourier inversion can be carried out by using the 
FFT, which approximates the continuous Fourier transform through its discrete 
version. Using Simpson's rule for integral on the right side of (3.11) and setting 
uy — r}(y — 1), an approximation for f(xk\xj) is given by 
1 /-+oo n 
fi^lxj) = - / e-^cpt{t)dt 6 - ^ ^ . ( ^ ) ^ 3 + (—1)" — V i ] , (3.12) 
77 J o y=i 3 
where 5y is the Kronecker delta function that is 1 for y 二 0 and 0 otherwise. 
Let xn = In S denote the upper limit of the log asset pricc and the regular 
space of size A as 
A � . " - 丨 ， 2 . (3.13) 
The FFT returns N values of x. To reduce the truncation error, set the target 
value In S0 in the middle part of the range, and the possible values of x arc 
, NX ^ � 
xk = logSo - — + X(u — 1), for k = 1, 2,..., N. (3.14) 
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The range of the log asset price is then from [2 In So - xN] to Xn- Noting that 
Uy = r/(y - 1). Substituting (3.14) into (3.12) yields 
1 N 
Rxklx,) = — 办 — ” � — ' � ( ^ � - 爭 ) 也 > y ) J [ 3 + (—1)" — V ! ] ’ (3.15) 
7T o 
y=l 
The fast Fourier transform requires us to set 
� 2tt , � 
X,n = j (3.16) 
Then we have 
1 N 
f(xk\Xj) = - T e-彻-释-”替 e -— 9。 -警 V 办乂 [ 3 + (—1)" — (3.17) 
丌 I J o 
y = i 
Thus, the summation of (3.17) is the application of the FFT (see Section 2.1.3) 
arid the transition probabilities can be approximated by 
PJK - • (3.18) 
In addition, the computation can be performed for all j 二 1，2, . . . , N so that 
the whole transition probability matrix is determined. 
Consider Brownian motion (BM) and variance gamma (VG) as two illustrative 
examples. The corresponding characteristic functions of BM and VG (Madan, 
Carr, and Chang, 1998) for the log of St are: 
I 
(Pbm{u) = exp[m(ln(6'o) + (r - q)t) — -cr2(w2 + iu)t}\ 
(j>VG{u) = exp[m(ln(6o) + (r + - iOuu + \a2u2u)~t/u, 
where cj = (1 — v) ln(l — Qu — \(J2iy). 
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BM Probability Tansition Matrix V G Probability Tansition Matrix 
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Figure 3.4: Transition Probabilities. Parameters are r = 0.05, a = 0.3, q 二 
0, At = 0.1，50 = 100, 0 二 0.33, “ = 0.01, N 二 27. 
Using the FFT algorithm and approximation mentioned above, has been gen-
erated the transition probability matrix shown in Figure 3.4. 
Figure 3.4 (a) shows the transition probabilities from the initial asset price 
So to the asset price at next time tj ( j = 1,.2, . . . , N) under BM, while the 
bottom one shows the transition probabilities at a particular time point. Figure 
3.4 (b) shows the corresponding graphs for VG. When comparing the transition 
probabilities of BM with those of VG, the shape of BM resembles a normal 
distribution and concentrates on the middle part of the distribution, where as 
VG has fat tails and excess kurtosis. 
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3.4 Basic FFT Network Pricing Algorithm 
Once the basic transition probability matrix has been obtained, the construction 
of the basic FFT network approach is complete. This section will introduce the 
pricing algorithm for American options. 
3.4.1 Plain Vanilla Options 
Consider the American option with discrete monitoring. Denote the spectrum of 
the asset price as 
S = S'2,…，SN] = [exp(xi), exp(x2), . . . , exp(xN)}. 
—> 
In other words, S contains N discretized values for the asset price. Denote K 
as the strike price, E(S, K) as the payoff function of a vanilla options. For call 
options, the option payoff at maturity and exercise value are both equal to 
E(S\ K) = rriax[^ - /T,0], i = 1, 2, . . . , N. (3.19) 
P 二 (pik) (k = 1, 2, ..., N) is the transition probability matrix, and pik is the 
probabilities of moving from node i at time t to node k at time t + /\t. If there 
is no early exercise, then the call option price at the j t h time step is 
� f e-^PC(tJ+1) , i f j </-1； 
c � h ) = \ 
{ I<) ， i f j = / - 1 , 
for j 二 0, 1, . . . , /-1. When the early exercise is taken into account, this value 
for C(tj) must be compared with the option's intrinsic value. Then the option 
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value is obtained as 
/ 
e-rAtPV(tJ+1) , i f ; < / - 1; 
[ E(S: K) , i f j 二卜 1, 
where V(tj) == max{E(S, K), C(tj)}. 
Figure 3.5 shows the backward calculation procedure for the American call 
option through the basic FFT network. Now, the generalized algorithm for vanilla 
Vi(t,) = max[Ei,Ci(tl)] 
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Figure 3.5: FFT Network Approach for American call option pricing 
option pricing can be summarized as follows. 
• Fix the domain of the stock price, and discretize it into N nodes. 
• Initialise V.^4-1) = E{SUK), At = 
• Compute the transition probability matrix P from the characteristic func-
tion cj)(z) using FFT. 
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• For j — I — '2 to 1 
Set C(tj) = e~rAtP x V{tj+1)] 
Set Vitj) = max{C(^), E{S: K)}; 
• Next j] 
• Final step: C(t0) = e~rMP x 
For the European option, the price can be obtained by applying the discount 
through the network one time, because the early exercise opportunity does not 
need to be checked. The transition probability matrix P is obtained from the 
characteristic function (j)T[z). Denote E(S, K, T) as the option payoff at maturity 
and C(S, to) as the option price at tQ with the current spot price S. The European 
option price at to is 
0(5)., t0) = e-rTP x E(SUT). (3,20) 
This is sufficiently fast for pricing the option without the path-dependent feature 
through the FFT network, as it can obtain the transition probability matrix from 
0 to T. It just needs to be calculated backward one time . 
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Chapter 4 
FFT Network for Exotic Options 
This chapter extends the basic FFT network to path-dependent option pricing by 
using the FSG of Barraquand and Pudet (1996) and Kwok (2009) or a finite state 
Markov chain as proposed by Duan and Simonato (2001). Specifically, barrier 
options can be valued by the basic FFT network, where as lookback and Asian 
options require a transformation of the basic FFT network into one that records 
path-dependent variables. 
4.1 Barrier Option Pricing 
Barrier options with knock-out feature can easily be tackled with the basic FFT 
network. For instance, consider an American DOC barrier option with no rebate 
feature. It almost resembles the procedure of pricing plain vanilla options, except, 
that the option values have to be set to 0 for the stock prices beneath the barrier. 
Actually, pricing the American barrier options with knock-in feature can not 
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achieved only through the basic FFT network. It could however be handled by 
incorporating FSG. 
For example, consider an American UIC option. It performs as a vanilla 
option once the asset price reaches the barrier within the lifespan of the option, 
otherwise the option would be void. In other words, if the maximum asset price 
reaches the barrier, the American UIC option becomes a vanilla American option. 
Otherwise, the option value has to be set to 0. Since, its payoff depends on 
whether the maximum asset price reaches the barrier or not, the corresponding 
valuation procedure is similar to that of the lookback option, but with different 
payoffs. 
The pricing procedure for American barrier options with knock-in feature will 
fell under the Section 5,3 which introduces the lookback options. 
Figure 4.1 shows how to calculate the American DOC barrier option backward 
through the network. Denote K as the strike price and L as the barrier and set 
S\ < S'2 < L < S3 < The option is terminated for S = , S2 and the option 
holder receives nothing.而，S4 are above the barrier level and the valuation 
procedure is similar to that of plain vanilla options. 
Denote E(Si: K, L) as the payoff or exercise price of the barrier option. For a 
DOC option, 
I 0 , if ^ < L; 
L)= I 
j max{6\ — K, 0} , otherwise. 
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Figure 4.1: FFT Network Approach for Pricing American DOC Barrier Options 
If there is no early cxcrcisc opportunity, then the option value at t j is given by 
� \ /{(5,L)} , if J < / — 1; 
= \ 
[ E ^ K , L) , i f j - / - 1 . 
For American options, the early exercise opportunity must be checked. Hence, 
Ci(tj) must be compared with the option's intrinsic value, and the option value 
is obtained as 
c 、 0 = { ( 一 E L r 现 + 1 ) ) 7 { 關 ， i f j < / - 1 ; 
] { L) , if j = / - 1 , 
where V^tj) = m a x { E ^，K , L), C拟}, i = 1, 2, . . . , N, j = 0, 1, ..., / - 1 . 
is an indicator function dependent on Si and L. For example, /{(&丄)} 
equals /{5.t<L} in DOC barrier options. Ci(t0) represents the option pricc at time 
to, with the current spot price of Si. 
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4.2 Forward Shooting Grid 
Some path-dependent options can be described through a path-dependent vari-
able Yt = Y(S, t). In the lattice method, it is necessary to find the corresponding 
option values at each node for all possible values of Yt to reflect the impact of 
the path dependence on the option values. There are two requirements for the 
feasible path-dependent variables. 
1. Yt+At should be solely determined by Yt and St仏t. In other words, Yt is 
Markovian. 
2. The number of alternative values of Yt should not expand too much by 
increasing the number of time steps. 
If the path-dependent variable Yt fulfills the above two requirements, The FSG 
(�aii be defined as appending an auxiliary state vector at each node in the lattice 
approach to model the correlated evolution of Yt with St. The FSG was proposed 
by Hull and White (1993) for valuing European and American lookback and Asian 
options. A systematic framework of constructing the FSG schemes on a lattice 
approach for pricing exotic path-dependent options is detailed by Kwok and Lau 
(2001). 
Consider a trinomial tree (see Figure 3.1) with the upward, middle and down-
ward probabilities as pu, po and pd respectively. Let Vj^ denote the value of 
the path-dependent option at the Ith time step. The index k denotes k upward 
movements from the initial asset value and j denotes the index for the various 
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possible values of the state variable Yt at the (/c, j)th node in the trinomial tree. 
The trinomial tree has uniform time step At and step width Ax, where x = In S. 
Let G denote the function that dcscribcs the correlated evolution of Yf with 
St over the time interval Af” that is: 
V^+A. = St+At, Yt). (4.1) 
For example, denote V^  as the maximum asset price between the time interval 
[0,(] in a lookback option, then 
yt+At = G{t, St+At, Yt) = m^x[St+At: y,]. (4.2) 
For the arithmetic Asian option, if 力二 tj, which means the j t h time step, then 
K+a, = G(t, St+At, Yt)= ” 巧 一 (4.3) 
J + 1 
Let g(k. j) denote the grid function that is the discrete equivalence of the evolution 
function G. The trinomial version of the FSG method can be represented as: 
^ 二 + P o V ^ k j ) + 拘 d � — ( 4 . 4 ) 
where e~ rAt is the discount factor over the time interval At. 
The algorithm design for pricing a specific path-dependent option is deter-
mined by the grid function g[k,.j). The corresponding discrete evolution of the 
path dependent variable Yt and asset price St is given by the grid function. For 
a lookback call option [see equation (4.2)]: 
"(A;,：/) = maxfA;,^). (4.5) 
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Figure 4.2: Grid Function g(k,j) and the Discrete Correlated Evolution of the 
Path Dependent Variable arid Asset Price. 
4.3 FSG in FFT Network 
As the basic network has been constructed, this section will introduce a general 
algorithm incorporating the FSG into the FFT network. Consider a basic network 
with 2 time steps and 3 nodes (see the left graph of Figure 4.3) as an illustrative 
example. Denote Yt[ and Six (i\ G [1, 2，3], I G [0，1, 2]) as the path-dependent 
variable and underlying asset price at t respectively; Ytl+] and Sj1 are those at 
(t + A力）.Based on the basic network, G denotes the function that dcscribcs the 
correlated evolution of Ytl arid Sj{ over time step At, and represents G(t, Sjx, Ytl) 
(ji : 1 , 2, 3). Then, the general FFT network can be reconstructed by incor-
porating FSG through resetting the transition probabilities based on G. The 
transition probabilities of the general FFT network incorporating FSG (see the 
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顯偏 
to f, t2 
Figure 4.3: Apply FSG to the Network 
right graph of Figure 4.3) is equal to the transition probabilities of S^ at i to SJ1 
at t-hAt in the basic network if YtL+L in t-\-At is equal to the value of G{t, Sn, Ytl) 
from t, otherwise is zero. The expression as follows: 
/ 
0 ， ifYtl+1^G(U Sn) Ytl); 
, i f 4+ 1二（^;, A ) . 
Call Q == ( ¾ ) the sparse transition probability matrix of = (SI, YK) to g.)= 
(Sj.Yh) where h,k 二 1, 2, . . . , N2、because many elements of this matrix are 
zero. Based on the definition of Ytl+1 and G(t, S, Y), the path-dependent options, 
such as lookback and Asian options can be priced. 
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4.4 Lookback and Knock-in Options 
This section introduces the sparse transition probability matrix for lookback 
options in detail and calculates the American lookback option price backward 
through the network that incorporates FSG. Lookback options depend on the 
maximum or minimum asset price reached during the life of the option. As the 
sparse transition probability matrix at every time step is the same, it only needs 
to be computed once. Although it is a high dimensional matrix, the computation 
of the matrix is efficient because of its sparsity. 
Let mt = min^^T-^^-SV) and G(t, 5, m) depend on (St+/\t, mf). As St 
is a Markov process and mt is the realized minimum of St: G(t} S, m)— 
mm(St+At^ rrit) is also a Markov process and can be approximated by a finite-
state Markov chain with the state space Q — {gi — (6:?1，rrij2) G S2 : Sji > 
rrij2, Vji, j2 = 1, 2, . . . , /V} C S2. Hence, define the transition probabilities as 
follows: 
Qi.j = P(Gt+At = = 9i) 
=P(Ot+At = (Sh)mJ2)\Gt = ( ^ , 7 ¾ ) ) . (4.6) 
The transition probabilities of the Markov chain Gt can be determined from the 
basic FFT network. In particular, 
{() , if mj2 + min ( S h , m.h)； Vn ， if mj2 = mii^^-,, mi2). 
The transition probabilities q^ are only required to respect the definition of real-
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ized minimum over the discrete time step that mt+At 二 厶“ mt). Denote 
Q 二 (QIJ) as the sparse transition probability matrix. Although the size of the 
matrix is larger than that of the basic FFT network, most elements in it arc equal 
to zero. Figure 4.4 shows a 3-state network and its extension that incorporates 
FSG. 
(Q) H^ m) HQ) 
(s3,nyr ^S3,nyr •jfea.mJ 
0 ^ 0 ^ 0 uX/ yOy s-m3 
4 
/y( Si’ AA Si， 
# 0 ¾ 
to t, t2 
Figure 4.4: FSG Network with Nonzero Transition Probabilities in Lookback 
Option 
It can be seen from Figure 4.4 that no path is connected to nodes (Si, m3), 
{Su rn2) and (S2) m3) for all time steps, which means that these state variables 
are ineffective. To understand this, consider m3). Based on path function G\ 
m3 should equal to min(,9i,m)5 where m denotes the minimum asset price at the 
last time step. However, because m3 = S3 and S\ < S2 < S3, regardless of what 
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m is, mi r^S^m) should be equal to Si. We can conclude that m^) should 
not exist. In other words, there is no probability of reaching this state node. The 
same reasoning can be applied {S\, m2) and 777,3). Although their transition 
probabilities are set to zero in the expression, these ineffective state nodes can be 
excluded from the implementation, which saves 1/3 of the total computational 
time. 
For lookback options, the nonzero elements of the transition probabilities 
(shown as arrows in Figure 4.4) in the FFT network with FGS are much fewer 
than that of the general FFT network with FSG shown in Figure 4.3, In Figure 
4.3, from to to the number of transitition probabilities (again shown as the 
arrows) from the basic network to the general network that incorporates FSG 
increases from 9 to 81. In Figure 4.4 the number of nonzero transition probabili-
ties increases only from 9 to 14. Those with zero transition probabilities do not 
need to be computed. Although the reconstructed transition probability matrix 
incorporating the FSG feature is large, the actual computation can be reduced 
significantly. 
In addition, the transition probabilities are the same at each time step in 
Figure 4.4，which means that the sparse matrix do not need to be recomputed at 
each time step for the equal time interval. The efficiency of the approach is thus 
increased significantly. 
The additional computational burden is negligible compared to the basic. FFT 
network approach. With the sparse transition probability matrix ready, American 
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lookback options can be valued from the FFT network of function G(t, S\ m) 
through a procedure that is similar to the trinomial tree or that of the basic FFT 
network approach. 
4.4.1 American Lookback Option Pricing Algorithm 
As the sparse transition probability matrix has been obtained, this section intro-
duces the methodology for pricing American lookback options. As the range of 
values for the asset price is defined, the minimum and maximum asset prices at 
each node of every time step have been fixed. To value a path-dependent option, 
one approach is to value the option at each node for all alternative values of path 
function G(t, S, m). 
Denote the fixed domain of the asset price as S, the discrete N asset prices 
as Si < S2 < S^ < ... < Sn and the minimum and maximum asset prices as 
m and M respectively, m, M G S. Let the payoff function at maturity T of 
a European-style lookback option be E�S, m) and E(S, M). For call options, 
let gt 二 ( 5 ^ , mh) G <S2, ( Vjj , j2 = 1, 2, . . . , N) record all the alternative 
values. Denote V ( g t j ) as the option values and use G(S\m,) = m a x ^ — m, 0) to 
record all possible alternative values in all states at tr As the N2 x N2 sparse 
Markov transition probability matrix Q has been obtained above, the values of 
the American lookback options are 
3 { E(S, m) , i f j = / —1， 
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where V(gtj) = max{B(S, m), C(gtj)}: j = / - 1, / - 2 , . . .，2, 1. j represents 
the time step and 0 = t0 < tj < = T, 
For j = 0，the early exercise oppoutunity at tQ does not need to be chcckcd, 
so 
V(9to) = e - f - A t Q x V ( g t l ) . (4.7) 
The option price for S* is the corresponding option value at (S 二 S*, m = S*) 
in t0 step. C(gtj) and V(gtj) are two TV2 x 1 vectors. For American lookback call 
options, FJ(S, rn) = max{,9 — m, 0}. 
Another approach for pricing American lookback options does not need to cal-
culate the sparse transition probability matrix and depends on the basic transition 
probability matrix. For N asset price nodes, the total number of alternatives at 
one node is never greater than N at each time step. Now, use each row of the 
matrix M to record the alternatives at one node. For example the zth row of M 
records all of the alternatives at node Si, For lookback call option, which depends 
on the minmum asset price, its alternatives at one time step are as follows: 
S\ S\ ‘ • • S\ S\ 
>Sl S2 S'2 ‘ • • S'2 S-2 
S\ S2 • • • 5*3 Ss 
J^NxN ~ • 
S2 63 . • . Sj\i-{ SN-� 
� S 2 S3 . . . Sn-I SJ\ J 
Moreover, the alternative values for lookback options are the same at each time 
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step. As the basic transition probabilities have already been obtained, the Amer-
ican lookback option prices at time t0 would be calculated backwardly through 
the basic FFT network. Denote E(S,M) as the payoff of lookback options and 
V u as the option values at tu. The prices of American lookback call options are: 
= 0 二丑(忒 X ) ; (4.8) 
N N 
CiAQ = e-^iu^ J2 PijC^t1 + Ii>j E (4.9) 
Vij(tu) = m a x ( a j ; Eij)] (4.10) 
final step: V(l0) = C(l0) = e~rAtP x (4.11) 
where i. j = 1, 2, . . . , N] w = / — 2, / - 3 , . . . , 1, /{‘} is a indicator function 
arid V(to) contains a spectrum of option prices at time t0. The payoff of the 
floating strike lookback call options is E(S, M) = nmx(Sj — Mlj) 0). 
4.4.2 Knock-in American Option Pricing Algorithm 
As mention in Section 4, the pricing procedure of the barrier options with knock-
in feature resembles that of the lookback options, but differ in payoffs. Take the 
UIC option as an example. Denote the fixed domain of the asset price as <5, the 
discrete N asset prices as ,5i < S2 < S3 < ... < SN and maximum asset prices 
as M, M 
G S. K is the strike price and L is the barrier. Let the payoff function 
at maturity T of a European-style knock-in barrier option be E(S, M, L). Let 
fjt = (¾！, Mj2) G S2, ( Vji, j2 = 1, 2, . . . , N) record all the alternative values. 
Denote V{gtj) as the option values and use M, L) = max(5' - K,0)I{M>L} 
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to record all possible alternative values in all states at tj. As the N2 x N2 sparse 
Markov transition probability matrix Q has been obtained above, the values of 
the American knock-in barrier options are 
� � ( e - ^ Q x V(gtr[,) , i f j < l ~ l ; 
6(恥）=< 
( M, L) , = Z —1, 
where V{gt3) = max{E(iS', M, L), C(gtj)}, j — I —I, 1 — 2, . . . , 2, 1. j represents 
the time step and 0 二 to < tj < h = T. 
For j 二 0, the early exercise oppoutunity at t0 does not need to be checked, 
so 
v i g J ^ ^ ' Q x V ^ ) - _ 
The option price for S* is the corresponding option value at (S 二 M = S*) 
in t.(�step. C(gtj) and V{gtj) are two N2 x 1 vectors. For UIC option, then 
E[S, M, L) = rnaxf^ — K, 0)/{M>l}； for DIG option, denote rn as the minimum 
asset price, then E(S, m, L) = max(.9 一 K, 0)/{m<L>-
4.5 Asian Option Pricing 
As the payoff of the Asian options depends on the average value of the underlying 
asset price through the life of the option, the pricing method in this section uses 
a Markov chain to approximate the average asset price under the risk-neutral 
measure. 
Because the value of the Asian option is running on the average value of the 
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underlying asset price, let 
i 1-1 /1-1 \ T 
^ = o r 八 二 1 1 ¾ ， ( 4 ‘ 1 3 ) 
‘i=0 \j=0 J 
where 0 二 t0 < U < 力/—i = T denotes the arithmetic and geometric average 
price of St respectively. G(t, 5, m) depends on (5^ +厶“ At). Let t is at the A:th 
time step, as St is a Markov process and At is the realized average value of St) 
then G(t, 6^ +厶“ ^t) = 二 1 At is also a Markov chain with the state space. 
G = {9j = (Sn,AJ2) e s2 ： 二 ^ ^ s V h k ’力 ,乃 二 1,2,...,yv} c 炉‘ 
Then, define the transition probabilities: 
Qrj = P(Ct+At 二 历 二 仍）二 P(Ot+At 二 {S^AJ2)\Gt =(知，為2)). (4.14) 
In particular, t + At is at (k + l ) th time steps. Denote /1*2 = , the 
transition probabilities of the Markov chain G(t, Sj1, Ai2) = A^x I{Ah,Am,},("= 
1 , 2 , . . . , N) can be determined from the basic FFT network approach. 
( 
叫，力， i f � = = ^ X 
IHuji^ if j2 = 2, 3, . . . , TV - 1 and 
qvj = j = ^ x 〜-，-、4 ; 2 <4 +〜广"}; ( 4. 1 5 ) 
i f j 2 = N,An = Ah x 
0, otherwise. 
Figure 4.5 demonstrates how to obtain the sparse transition probability through 
a basic network with 2 time steps and 3 nodes (S = [20, 30, 40]) at each time 
step (left graph of Figure 4.5). Taking arithmetic Asian option as an example, the 
following illustrate how to obtain the corresponding sparse transition probability 
matrix. 
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i M l W ? mm 
(20,20/- ^0,2^ (^20,20) 
to t, t2 
Figure 4.5: FSG Network with Nonzero Transition Probabilities in Asian Option 
At 力0, node (20, 20) means the current asset price and the accumulative average 
price are both 20. If the asset price is 20 at “，then the average asset price is 
ATL 二 (20 x 1 + 20)/2 二 20 G [20, 25). Based on equation (4.15), we have 
Qn = P11, 
(I12 = qi3 = 0. 
If the asset price reaches 30 at then the average asset price is AU = (20 x 1 + 
30)/2 = 25 G [25, 30). Based on equation (4.15), we have 
qvo = Pi‘2, 
Qu — Qia — 0-
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If the asset price reaches 40, then the average asset price is At] = (20 x 1+4())/2 = 
30 G [30，35). Based on equation (4.15), we have 
(/17 = />13, 
(118 = to = 0. 
The same procedure works for the remaining nodes at i\. In addition, no arrow 
reaches three particular nodes: (20,40), (30,20) and (40,20). From t\ to t2, the 
transition probabilities are obtained similarly, and there is no need to calculate 
those for nodes (20,40), (30,20) and (40,20). 
As the right graph in Figure 4.5 shows there are far fewer nonzero elements 
of the transition probabilities than in the general form. Although the size of the 
transition probability matrix is large, the corresponding computation is efficient. 
Unlike the lookback feature, at cach time step the transition probability matrix 
and the possible nodes are different. Thus, the transition probability matrix must 
be reset at each time step for Asian options. 
4.5.1 Asian Option Pricing Algorithm 
Formally, the asset price is discretized into N different values Si, S2, . . . , SN 
within a fixed domain S. The average asset price A e S. Let g3 — (Sn, , Vj2, i\ € 
[1,2, .. •, TV] denote all the alternatives at each time step. Define two 1 x N'2 
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vectors ⑴，A(t) for asset prices and average asset prices respectively: 
N N ... N 
^ = P i , Si, . . . ’ Si^ ^2, ^ 2 , … ’ ^2, . . . , Sn, Sn, ..,, SN]； 
N N ... N 
一 ^mmmmmm^mmmmmm^^^mmmmmmtmmmmmmmmmm^ ^mmmmmmmmmmmmmmrn^ma^mmmmm^mmmm^ , ^ ^^mmmmm^mtmmmmm^^mmmmmmmmammmmmmmm^ 
^ = Pi, S2,…，Sn, SI, S-2, ..., Sn , … ， ^ 2 , ..., SN\. 
The payoff of European Asian options at maturity is 
E(S,A). (4.16) 
For floating strike Asian call option, the payoff is E(S: A) = max{5 — A, 0}. 
As previously mentioned, the N2 x N2 sparse transition probability matrix 
Q is obtained from the basic transition probability matrix P. Element q(i,j) of 
the matrix represents the probability of going from node (S(i), A(i)) at time i to 
node A(j)) at t-\- At, i, j G 1, 2, . . . , N2. The matrix is updated at cach 
time step. Then the option values can be calculated backward through the FFT 
network that incorporates FSG as: 
—_ f e-rAtQxV(S,AA1+]) ， i f j < / ~ l ； 
[ E(S,A) , i f j = / - 1 , 
where V{S,A,tj) = mSix{E{S, A),C{S, j = I — 1, I - 2, . . . , 2, 1’ j 
represents the time step tj and 0 = o^ < tj < ti-i = T. C(S, m, tj) and V(S: m, tj) 
are two N2 x 1 vectors. 
For j 二 0, the early exercise oppoutunity does not to be checked, so 
V(S\ A, t0) = e~rAtQ x V(S, A, U). (4.17) 
The American Asian option price for S* is the corresponding option value at 
(S - S*, A = S*) at t0. 
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Remarks: 
Generally, pricing arithmetically averaged Asian options requires doing interpo-
lation. In the FFT network, there is no need to do the interpolation. As the 
domain of the underlying asset prices is fixed in advance, the average values of 
the arithmetic Asian option must fall into this truncated domain. Specifically, 
this domain is divided into N intervals. Let A^ = S'i, S2, . . . , SM denotes the 
discrete nodes. Consider the setting of the interval A* as follows: 
/ 
i f / i 二 1 , [ 4 4 + ^ = % 
< \ih = N , G A]; 
if " = —1 ’ /1* G [Ah - , Ah + Ah+\'Ah). v. ‘ 
Then the average value must fall into certain interval. The new transition 
probability (拟 equals to the transition probability qilj1 which is from S{l at time 
t to SJX at t + At, otherwise equals to 0. Since the division of the FFT network 





As the construction of FFT network approach and the pricing algorithem have 
been shown in Chapter 3 and Chapter 4, this chapter gives numerical examples 
for pricing American vanilla, lookback and Asian options. Two Levy processes 
are considered. The first one is GBM, the Levy model without jump. And the 
second one is VG which is a popular infinite activity Levy model. This chapter is 
divided into two parts. The first part introduces the numerical scheme in detail, 
and the remaining part demonstrates the model through the numerical scheme 
by fixing parameters and compares the results with the benclimark Monte Carlo 
(MC) simulation. 
5.1 Numerical Scheme 
This section shows the numerical scheme for obtaining the transition probability 
matrix by FFT arid takes the VG model as an example. Based on the basic 
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transition probability matrix, the FFT network and the pricing algorithms shown 
in Chapter 3 and Chapter 4 can be implemented. 
Denote T as the maturity, the interval [0, T] is divided into I — 1 timc-spaccd 
subintervals, namely, 
0 二 < “ < … < ^-1 二 7\ (5.1) 
where At = t,:+i—, “ (？‘ = 0, 1, ..., 1—2) is not necessary equal. The equally time 
space interval will be used in this section for computation convenient. Denotes S* 
as the initial asset price whose corresponding option price is our target. Denote 
Sm is the maximum asset price for the truncation. In order to put S* in the 
middle of the discrete log-asset price domain, the truncated domain is 
[logSM — 2 x (In SM - In 5*), In SM] = [2 x In — I n S M , I nSM ) . 
Then the interval [2 x InS* — In SM , In SM] for the state variable X is divided 
in to N equal subintervals, namely, 
2 x In S* -\nSM = xi < xi < • • • < xN = In SM) (5.2) 
where N = 2n for n is any positive integer. 
Recall from Section 3.3 that the characteristic function for the VG model is 
1 
(pvciu, So) = exp[m(ln(5'o) + (r + uj)t)}{l - iduu + -a2u2u)~t/u, 
/Li 
58. 
setting At/ 二替 and uy 二 r/(y — 1)，the discrete version of PDF is 
1 N 
f(xk\xj)=丄 办—收―1)替 f (11^—宁)么(�)�[3 + (-1)" — Vi] 7T 6 y=l 
1 N 




M v ) = e - ^ ^ - ^ U j M p + ( — 1)" — V i ] - (5.4) 
As we know that the right hand size of (5.3) is the same form as (2.9), so the 
procedure of applying FFT is as follows: 
1. Compute 4)jiy) from 4>j(uy) by (5,4), j = 1, 2, . . . , N. 
2. For j = 1, 2, . . . , N, let the 1 x N vector {y) be the input to the 
FFT subroutine for each particular j , then the out put will be fjk, k 二 
1 , • • • ， * 
3. The transition probability matrix P is approximate as pjk ~ • / ( " � ) , 
Actually, using the nodes of N = 2n is just the application of FFT. After 
obatining the N x N transition probability matrix, the FFT network is not nec-
essary fixed N nodes at each time step, but can take any positive integer node 
N�(I 
< Ni < N), which is not greater than N. This is very important for the 
network to increase its flexibility but reduce the truncation error. If doing the 
reset, the step (3) should be done after the reseting. 
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For example, in order to get a more accurate approximation for the transition 
probability matrix, It should expand the calculation to cover more grids, such as 
64 x 64, 128 x 128，256 x 256, 512 x 512, 1024 x 1024 and 2048 x 2048, However, 
in order to construct a more accurate FFT network, the subset of the original 
N x N matrix, say N.�x should be better locate at the middle part of the 
primary one. This can increase the accuracy of the calculation. 
For example, let Ni — y , in order to obtain the new transition probability 
matrix which is the subset the primary one and locate in its middle part, setting 
N 37V 
= P ^ J ) , n, .71 e [1, 2, . . . , TV/2]; 7；, J G [ - + 1, — ] . (5.5) 
After doing the reseting, this subset transition probability matrix I \ need to 
be rescaled. The procedure is as follows: 
M 丨 ( 5 . 6 ) 
where h = 1, 2, . . . , N/2. The spectrum of nodes for the log sport price is 
reseted as follows 
x l ( z U J l ) = x ( i ) J ) ^ n , JI e [l, 2,..‘，》；I, J G [ ^ + 1 , ( 5 . 7 ) 
5.2 Numerical Result 
Numerical examples are now given to illustrate the pricing algorithm for American 
vanilla, barrier, lookback and Asian options. We only focus on the GBM and VG 
models. Monte Carlo simulation is used as the benchmark for comparison. 
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The following parameter values are used: 
S0 = 100, T - 1, r = 0.05, g = 0, a = 0.3, K = 100. 
In addition, v =0.01, 0 =0.01 are used in the VG model. 
In Monte Carlo simulation, the methods of drawing the random variables for 
GBM are described in [11]. For VG, the random variables are drawing from 
the Gamma Time-Changed Brownian Motion method [16] and its procedure as 
follows: 
Simulating VG as Gamma Time-Changed Brownian Motion 
Input: VG parameters 6, A, V\ time spacing A/x , . . . , A/;^ s.t. 么K : T. 
Initialization: set XQ = SQ, 
Loop for 'i = 1 to N: 
1, Generate AGt � r ( 厶 Z � � A / " ( 0 , 1 ) . 
2. Return Xk = Xti_, + dAGt + 
The reported time for the FFT network method and Monte Carlo simulation 
is the CPU time on 1.86GHz. 
Table 5.1, Table 5.2 and Table 5.3 shows the numerical evaluations for Amer-
ican vanilla, barrier and lookback options with 100 monitoring time points under 
GBM and VG respectively. Also, the option price estimated by Monte Carlo 
simulation has 2 x 105 paths. 
Tabic 5.4 and Table 5.5 show the numerical evaluations for American gco-
iiK t^ric and arithmetic Asian floating strike option price with 10 monitoring time 
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points under GBM and VG models respectively. And using Monte Carlo simula-
tion with 5 x 105 paths as the benchmark for comparison. Also the Richardson-
extrapolation (RE) is used to estimate the option price with nodes of 27 based on 
the prices obtained from the FFT network with the nodes of 24, 25 and 26. Using 
RE method for estimation, Asian options can be price within 1 minute and with 
1% error. 
It is observed that when N = 27 most of the execution times are less than 1 
second and the errors are within 1%. When N is sufficient large, the result will 
converage to a accurate result. There is one thing to remark is that the result 
of Monte Carlo simulation is not exactly the true value. It carrys out with some 
variances. 
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GBM VG — 
Nodes Price Time (sec.) DifT. Price Time (sec.) Diff. 
26 14.0814 0.090985 0 . 0 0 8 3 5 1 2 . 2 2 3 0 . 0 9 2 7 0 9 —~0.1^552^ 
27 14.2005 0.099341 3.52E-05 13.7345 0.106155 0.02862 
28 14,2059 0.194750 0.000415 14.0763 0.197038 0.00444 
29 14.2076 1.036286 0.000535 14.1354 1.073510 0.00026 
210 14.2082 7.076750 0.000577 14.1364 7.384333 0.00019 
MC 14.20 25.074840 14.1391 38.799617 ^ ^ 
Table 5.1: American Vanilla Call Price 
. GBM VG 
Nodes Price Time (sec.) Diff. Price Time (sec.) Diff. 
—""2® 9.2680 0.099633 0.0748 6.8930 0 . 1 0 2 8 8 9 0 . 3 1 1 5 3 
27 10.0181 0.106205 7.99E-05 9.3264 0.122113 0,06849 
28 10.0145 0.313275 0.0028 9.8908 0.211064 0.01212 
29 10.0151 1.005942 0.00022 10.0017 1.101357 0.00104 
210 10.0149 7.050316 0.00024 10.0142 7.821103 0.00021 
M C 1 0 . 0 1 7 3 1 6 . 9 6 2 1 7 4 10.0121 35.087064 
Table 5.2: American Barrier Option Prices (DOC) 
_ GBM VG 
Nodes Price Time (sec.) Diff. Price Time (sec.) Diff. 
2 1 . 5 2 1 2 0 . 2 3 0 1 4 8 0 ,0381116.7549 0.233343 0.24578 
27 22.3499 0.721762 0.00107 21.0277 0.671616 0.05344 
28 22.4539 2.475363 0.003576 22.01 2.547686 0.00922 
29 22.4797 10.917805 0.004729 22.2135 11,230113 5.9E-05 
210 22.4863 58.765115 0.005024 22.2435 59.166357 0.001292 
—MC 22.3739 490.604434 22.2148 492.252837 
Table 5.3: American Lookback Call Option Prices 
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GBM VG 
Nodes Price Time (sec.) Diff. Price Time (sec.) Diff. 
7.3251 0.80678 0 .068667 .4436 0.741957 0.06358 
26 7.7039 53.1924 0.0205 7.8609 53.49949 0.01108 
27 7.8918 3072.718 0.003395 7.9844 3117.01 0.004453 
RE 7.8302 53.99918 0.00444 8 54.24145 0.006416 
M C 7 . 8 6 5 1 3 3 4 7 . 5 8 7 . 9 4 9 3308.733 
Table 5.4: American Geometric Asian Call Option Prices 
— GBM VG “ 
Nodes Price Time (sec.) Diff. Price Time (sec.) Diff. 
24 6.3078 0 .06586440 .14787 6.4741 0.065361 0.14053 
25 6.9553 0.9 0.0604 7.0737 0.62059 1 0.06093 
26 7.3007 53.7858 0.01374 7.4284 52.8479 0.01385 
27 7.442 3090.671 0.00535 '7.5725 3036.936 0.005284 
RE 7.415833 54.6858 0.001815 7.546635 53.46849 0.00185 
MC T 4 Q 2 4 3205.674 7.5327 3151.323 




This thesis has proposed a new approach for pricing American style exotic option 
under Levy process. The proposed FFT network approach model can be applied 
to price European and American plain vanilla and barrier options. Incorporat-
ing the FSG and Markov chain approximation to the basic network approach, 
the American exotic path-dependent options can be priced, such as American 
lookback and Asian options. In particular, numerical solutions of the transition 
probabilities are captured from the characteristic function by using FFT, which 
increases the efficiency of the calculation. 
The proposed FFT network approach combines the advantages of the tra-
ditional lattice approach, but over come their drawbacks. The FFT network 
approach is more accurate than the traditional binomial tree or trinomial tree 
model, it aslo is more efficient than the multinomial tree under Levy process. In 
particular, the proposed method can manage to develop a network with unequal 
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time interval. Also, the FFT network approach has a sufficient flexibility. It 
can develop to be a class of subset tree which can perform better than the com-
plete tree, for it can rcduce the truncation error, which is generate in the FFT 
computation. 
Numerical examples show that the FFT network approach is more accurate 
and efficient than that of Monte Carlo simulation. When having the same accu-
racy as Monte Carlo simulation with large simulation path, the FFT network is 
much more efficient than Monte Carlo simulation. What is more, Monte Carlo 
simulation only obtains one option price, while FFT network approach obtains 
N option prices at one pricing procedure. Furthermore, the approximated result 
obtaining from the proposed FFT network approach converges to the analytical 
solution under Levy process given the discrete interval of price spacc and time 
space are sufficient, small. 
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